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Abstract
The (type-A) associahedron is a polytope related to polygon dissections which arises in several
mathematical subjects. We propose a B-analogue of the associahedron. Our original motivation was
to extend the analogies between type-A and type-B noncrossing partitions, by exhibiting a simplicial
polytope whose h-vector is given by the rank-sizes of the type-B noncrossing partition lattice, just as
the h-vector of the (simplicial type-A) associahedron is given by the Narayana numbers. The desired
polytope QBn is constructed via stellar subdivisions of a simplex, similarly to Lee’s construction of
the associahedron. As in the case of the (type-A) associahedron, the faces of QBn can be described
in terms of dissections of a convex polygon, and the f -vector can be computed from lattice path
enumeration. Properties of the simple dual QB∗n are also discussed and the construction of a space
tessellated by QB∗n is given. Additional analogies and relations with type A and further questions are
also discussed.
 2003 Elsevier Science (USA). All rights reserved.
Keywords: Polygon dissection; Associahedron; Noncrossing partition; Restricted permutation; Type-B root
system; Tessellation
1. Introduction
Let Γ An be the collection of all sets of pairwise noncrossing diagonals in a convex
(n+ 2)-gon. Thus, Γ An is an abstract simplicial complex whose vertices correspond to the
diagonals of the polygon and whose maximal faces (facets) correspond to the triangulations
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Fig. 1. The type-A simplicial associahedra QA2 ,Q
A
3 ,Q
A
4 .
of the polygon. Since every triangulation of an (n + 2)-gon has n − 1 diagonals, we
have dim(Γ An ) = n − 2. In the 1980s Micha Perles [24] posed the following question:
Is Γ An polytopal? That is, is there a convex polytope, QAn , necessarily simplicial and
(n − 1)-dimensional, whose boundary is given by Γ An ? For example, if n = 2, then Γ A2
consists of the empty set and two singleton sets and can be viewed as the boundary
of a line segment QA2 . Closely related combinatorially is the polytope Q
A∗
n , the simple
polytope which is of combinatorial type dual to that of QAn . That is, the poset of faces
of QA∗n ordered by containment is the order-dual of the face-poset of QAn . In particular,
the vertices of QA∗n correspond to the triangulations of the (n + 2)-gon, and its facets
correspond to the individual diagonals of the polygon. Perles’ question was settled in the
affirmative independently by Haiman [12] (who gave a description of QA∗n in terms of
linear inequalities) and Lee [19] (who constructed QAn by means of stellar subdivisions on
a simplex, and established a number of combinatorial and geometric properties).
Both QAn and QA∗n arise in a number of different contexts under the name of
associahedron. The simple associahedron occurs in early work by Stasheff [33] in
homotopy theory and the theory of operads (see [34]), and the fact that it is a polytope was
established by Milnor (unpublished, unrecorded). Independently, the simplicial complex
Γ An was considered by Penner and Waterman [23] in the context of mathematical biology,
in their investigation of an idealized model for secondary RNA structure; they show that
this simplicial complex is topologically a sphere. The treatment of relations between the
associahedron and other combinatorial objects includes [5] (restricted permutations), [6]
(lattice paths), [28] (certain trees), [35] (the permutahedron). The simple associahedron
turns out to be an example of a fiber polytope [2,3], a far-reaching generalization of the
construction of a polytope from certain dissections of a(nother) polytope, extending work
of Gelfand et al. [11]. Still other generalizations of geometric and algebraic interest include
the permuto-associahedron [15] and Coxeter associahedra [26].
The motivation for the results presented here stems from the observation (implicit in
[19] and explicit in [6]) that the h-vector of QAn is given by the rank-sizes (Whitney
numbers of the second kind) of the lattice of noncrossing partitions. In more detail,
a natural combinatorial invariant of a polytope is its f -vector, f = (f−1, f0, f1, . . . , fd−1),
which gives the count of faces according to dimension: d is the (affine) dimension of the
polytope, f−1 = 1 accounts for the empty face, and fi is the number of i-dimensional
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faces. For QA2 we have f (Q
A
2 ) = (1,2). Another important invariant is the h-vector,
h= (h0, h1, . . . , hd), whose components are determined by
d∑
i=0
fi−1xd−i =
d∑
i=0
hi(x + 1)d−i . (1)
It is clear from (1) that the f - and h-vectors provide equivalent information, but the
h-vector has proven a valuable alternative in expressing, in compact and advantageous
form, important properties of simplicial polytopes (we refer the interested reader to the
accounts in [14,36] and to their bibliographies for the original papers). In particular, for
any simplicial d-polytope, the h-vector is symmetric and unimodal, and h0 = hd = 1. The
sum of the entries of the h-vector (as can be seen from (1)) is the number fd−1 of facets of
the polytope, and the finer count of the facets which it provides has topological significance
in connection to the shellings of the polytope (we will return to this in Section 3.3). For the
simplicial associahedron QAn , the number of (i − 1)-dimensional faces is
fi−1
(
QAn
)= 1
n+ 1
(
n− 1
i
)(
n+ i + 1
n
)
for 0 i  n− 1. (2)
Thus, the number of facets is
fn−1
(
QAn
)= 1
n+ 1
(
2n
n
)
= Cn, (3)
the nth Catalan number. (The enumeration of the triangulations and of dissections of a
convex polygon are classical problems going back to Euler and to Kirkman [16], and which
arise repeatedly in the literature.) It follows, as shown in [19], that
hi
(
QAn
)= 1
n
(
n
i
)(
n
i + 1
)
, 0 i  n− 1. (4)
These are the Narayana numbers, also known to sum up to the appropriate Cata-
lan number in a different combinatorial context—that of noncrossing (set) partitions.
A partition of the set {1,2, . . . , n} is an unordered collection of subsets B1,B2, . . . ,Bk
(called blocks) which are nonempty, pairwise disjoint, and whose union is {1,2, . . . , n}.
A noncrossing partition is one which has the following property: whenever four elements
1  a < b < c < d  n are such that a, c ∈ Bi and b, d ∈ Bj , then i = j . A partition
can be represented by a circular diagram, placing 1,2, . . . , n around a circle (say, clock-
wise) and joining by a chord each pair of cyclically successive elements of the same
block. The noncrossing partitions are those admitting a circular representation in which
the chords are pairwise noncrossing. Let NCAn denote the set of all noncrossing partitions
of {1,2, . . . , n}. For instance, π = {1,6,9}{2,3,5}{4}{7,8} is an element of NCA9 , while{1,4,9}{2,3,6}{5,7,8} fails the noncrossing condition. For n = 1,2,3 all partitions are
noncrossing; for n = 4 all partitions except {1,3}{2,4} are noncrossing. It is well-known
that |NCAn | = Cn. Kreweras’ paper [18] makes a study of NCAn as a partially ordered set,
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Fig. 2. A noncrossing partition of type A: {1,6,9}{2,3,5}{4}{7,8} ∈ NCA9 and a noncrossing partition of type B:
{3,4, 3¯, 4¯}{1,2, 5¯}{1¯, 2¯,5}{6}{6¯} ∈ NCB6 .
leading to additional enumerative and order-theoretic work on noncrossing partitions, as
well as to links between these and recent aspects of algebraic combinatorics ([29] is a brief
survey).
Directly relevant here are the following facts. Under the refinement relation, NCAn is a
partially ordered set (π  π ′ iff each block of π ′ is the union of some set of blocks of π );
there is a minimum element 0ˆ = {1}{2} · · ·{n} and a maximum element 1ˆ = {1,2, . . . , n}.
In fact, NCAn is a lattice and it is ranked with rank function rkA(π)= n− bkA(π), where
bkA(π) is the number of blocks of π . The number Wk(NCAn ) of elements of NCAn having
rank k, equivalently, the number of noncrossing partitions of {1,2, . . . , n} having n − k
blocks, is given by the Narayana number (Eq. (4)). The symmetry and unimodality of
these numbers for each given n are manifestations of nice order-theoretic properties of
NCAn : self-duality and symmetric chain decomposition (see [18,30]).
Thus, the simplicial associahedron QAn and the lattice of noncrossing partitions NCAn
are related by
hi
(
QAn
)=Wi(NCAn ), 0 i  n− 1. (5)
The (unrestricted) partitions of {1,2, . . . , n} encode the intersections of hyperplanes in
the hyperplane arrangement for the type-A root system (i.e., the hyperplanes in Rn with
equations xi = xj for all 1  i < j  n). Indeed, given a hyperplane intersection, let i, j
belong to the same block if the ith and j th coordinates are required to be equal for the
points in the intersection. In fact, the intersection lattice of this arrangement (as usual,
with reverse inclusion as the order relation) is isomorphic to the lattice of all partitions
of {1,2, . . . , n} ordered by refinement. Thus, the preceding discussion can be viewed as
associated with the type-A root system, whence the use of the superscript A.
Consider the hyperplane arrangement for type B. In Rn this consists of the coordinate
hyperplanes xi = 0 for 1 i  n along with the hyperplanes xi =±xj for 1 i < j  n.
The intersections of sets of hyperplanes from among these can be encoded by partitions of
the set {1,2, . . . , n, 1¯, 2¯, . . . , n¯}, which satisfy two properties:
(i) there is at most one block, B0, which contains both i and i¯ for some i; and
(ii) if B = {i1, i2, . . . , im} is a block, then B:= {i1, i2, . . . , im} is also a block (barring is
an involution, since it represents a sign-change).
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We call such partitions type-B partitions of an n-element set. (The reader familiar with
Dowling lattices will recognize that, ordered by refinement, the type-B partitions form a
poset isomorphic to the Dowling lattice with a 2-element group.) For example, for n= 6,
the intersection of the hyperplanes x1 =−x5, x2 =−x5, x3 = x4, x4 = 0 corresponds to the
type-B partition {3,4, 3¯, 4¯}{1,2, 5¯}{1¯, 2¯,5}{6}{6¯}. A type-B noncrossing partition is one
which has a circular representation without crossing chords, when 1,2, . . . , n, 1¯, 2¯, . . . , n¯
are placed around the circle (say, clockwise) in this order. We denote by NCBn the collection
of all type-B noncrossing partitions of an n-element set. The preceding example is an
element of NCB6 .
Type-B noncrossing partitions appear in work of Montenegro [22]. Reiner [25] made
a systematic study of NCBn as a partially ordered set under the refinement order, showing
that nice properties and results for type-A noncrossing partitions carry over to type B: rank
function and rank-sizes, chain enumeration, Möbius function, self-duality, symmetric chain
decomposition, symmetric Boolean decomposition, shellability. Related work appears in
[1,13] and further parallels with type A (concerning combinatorial statistics, relations
to pattern-avoiding permutations) are treated in [31]. Of particular interest here are
the following facts from [25]: the total number of type-B noncrossing partitions of an
n-element set is
∣∣NCBn ∣∣=
(
2n
n
)
, (6)
and the number of elements of NCBn having rank i is given by
Wi
(
NCBn
)=
(
n
i
)2
, 0 i  n. (7)
The rank function on NCBn is, as for type A, rkB(π)= n− bkB(π), but now bkB(π) is the
number of pairs of blocks B,B such that B = B . For the partition π ∈ NCB6 in the previous
example, we have bkB(π)= 2 and rkB(π)= 4.
It is obvious from the expressions in (7) that the rank-sizes for NCBn form a symmetric
and unimodal sequence, whose first and last terms are equal to one. This and the fact
that NCBn shares so many of the properties of NCAn prompted the question of whether the
relation (5) has a B-analogue. That is, we sought to find a simplicial convex polytope QBn
(necessarily n-dimensional) whose h-vector is given by the Whitney numbers of NCBn ,
hi
(
QBn
)=Wi(NCBn ), 0 i  n. (8)
In this paper we construct such a polytope and discuss several properties which it
shares with QAn . In Section 2 we formulate and solve a type-B counterpart of Perles’
question with QBn as the answer. Our B-analogue of Perles’ simplicial complex Γ An
is also a defined in terms of sets of noncrossing diagonals in a convex polygon. Like
Lee’s construction of QAn , our construction of QBn is by successive stellar subdivisions
performed on a simplex. In Section 3 we discuss properties of this simplicial polytope.
We compute its f - and h-vectors, obtaining fi−1(QBn ) =
(
n
i
)(
n+i
i
)
and hi(QBn ) =
(
n
i
)2
.
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Fig. 3. The type-B simplicial associahedra QB1 ,Q
B
2 ,Q
B
3 .
Thus, QBn satisfies Eq. (8), addressing the original motivation for this work. The remainder
of the paper is devoted to further comparisons between properties of QAn and QBn . Also
in Section 3 we relate the f -vector of QBn to the enumeration of lattice paths—this is
analogous to the relation between the f -vector of QAn and Schröder paths [6]. Yet another
description of the h-vector, related to a shelling of the boundary complex of QBn is
analogous to a result in [19] for type A. In Section 4 we turn to the dual combinatorial
type, QB∗n . We make observations about the graph obtained from the 1-skeleton of QB∗n
(a B-analogue of the graph of rotations appearing in [32]) and connections with the
Cayley graphs of the symmetric and hyperoctahedral groups. We also comment on certain
acyclic orientations of this graph. We also establish a B-analogue of a combinatorial
procedure described by Devadoss [8] for constructing a space tessellated by the simple
A-associahedron. We compute the Euler characteristic of the resulting space tessellated
by the simple B-associahedron. The last section is devoted to comments and questions for
further investigation.
We note that Burgiel and Reiner [7] have defined two B-analogues of the associahedron,
one of which is a polytope, the other of which is only known to be spherical. The
B-associahedron which we propose here is different from these.
Finally, for background concerning polytopes we refer the interested reader to [14,36].
2. Construction of the polytopeQBn , the simplicial B-associahedron
We begin by defining a B-analogue of the simplicial complex Γ An considered by Perles.
Let P2n+2 be a centrally symmetric convex polygon with 2n + 2 vertices labeled, in
clockwise order, 1,2, . . . , n, n+ 1, 1¯, 2¯, . . . , n+ 1. A B-diagonal in P2n+2 is either
(1) a diameter, i.e., a diagonal joining antipodal points i and i¯ for some 1 i  n+ 1, or
(2) a pair of noncrossing diagonals ij, i¯j for two distinct symbols i, j ∈ {1,2, . . . , n+ 1,
1¯, 2¯, . . . , n+ 1}, nonconsecutive around the perimeter of P2n+2.
8 R. Simion / Advances in Applied Mathematics 30 (2003) 2–25
Thus, there are n(n + 1) B-diagonals in P2n+2. We refer to the geometric diagonal(s) of
a B-diagonal as its component(s).
We define Γ Bn to be the collection of all sets of pairwise noncrossing B-diagonals
in P2n+2. That is, Γ Bn consists of those sets—which we call B-dissections—of noncrossing
diagonals which are symmetric with respect to the center of the polygon. This is a
simplicial complex whose vertices are the B-diagonals and whose maximal faces are the
centrally symmetric triangulations of P2n+2. Each such triangulation has n B-diagonals,
so Γ Bn is pure of dimension n− 1. Analogously to Micha Perles’ question, we ask whether
there is a convex polytope QBn having Γ Bn as its boundary. The answer is affirmative.
Theorem 1. With the notation above, for each n  1, there exists an n-dimensional
simplicial polytope QBn whose boundary complex is isomorphic to Γ Bn .
Proof. The desired polytope is necessarily n-dimensional. Its construction is an adap-
tation of Lee’s construction of the type-A simplicial associahedron: we start with an
n-dimensional simplex ∆n in Rn and perform a sequence of stellar subdivisions, one for
each B-diagonal of P2n+2. To this end, we encode each B-diagonalD by the set s(D) of la-
bels, taken in absolute value, of the set of vertices on the open arc on the perimeter of P2n+2
subtended by either component of D. For example, for each i , the diameter ii¯ is encoded
by the set {i + 1, i + 2, . . . , n, n + 1,1,2, . . . , i − 1}. As another example, taking n = 6,
the B-diagonal 42¯, 4¯2 of P14 is encoded by the set {5,6,1}. Now let D1,D2, . . . ,Dn(n+1)
be an ordering of the B-diagonals of P2n+2 such that if s(Dk)⊂ s(Dj ) then j < k. Denote
the original simplex ∆n by ∆n0 and label its vertices 1,2, . . . , n+ 1. In the sequel we will
identify each face of ∆n with the set of labels of its vertices. Now let ∆nm be the result
of stellarly subdividing the face s(Dm) of ∆nm−1. Thus, if s(Dm) is a singleton set, then
∆nm = ∆nm−1. In general, this means removing the interior of the face s(Dm) and adding
a new vertex vm and the faces formed by joining it with the link and boundary of s(Dm).
That is, ∆nm = (∆nm−1 − s(Dm))∪ (vm ∗ link∆nm−1(s(Dm)) ∗ ∂(s(Dm)). Informally, we pull
on the face at a point in its relative interior, displacing it by a small amount (to maintain
convexity) to a new location, vm.
Note, as in [19], that because we perform stellar subdivisions on faces ordered by reverse
containment, the face s(Dm) of ∆n remains unaffected by the stellar subdivisions at stages
1,2, . . . ,m− 1. Therefore the sequence of stellar subdivisions is well-defined. By general
theory, stellar subdivision on a face of a simplicial complex which is polytopal is again
simplicial and polytopal, and of the same dimension. Therefore the end-result ∆nn(n+1) is
the boundary of an n-dimensional simplicial polytope.
It remains to verify that ∆nn(n+1) is indeed isomorphic to Γ Bn .
1. First, every face of ∆nn(n+1) corresponds to a face of Γ Bn . To obtain this, it suffices to
verify that if two vertices vj , vk of ∆nn(n+1) represent crossing B-diagonals, then they
are not joined by an edge in ∆nn(n+1). To this end one uses Lemma 1 of [19] which,
formulated in terms of our notation, states the following: if j < k and s(Dk) ∈ ∆nj
but s(Dj ) ∪ s(Dk) /∈∆nj , then the vertices vj and vk are not adjacent in ∆nn(n+1). By
the order in which stellar subdivision is performed on faces, s(Dk) is still a simplex
in ∆nj . Now, if Dj and Dk are crossing B-diagonals, then s(Dj ) ∪ s(Dk) is a set of
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contiguous points around the perimeter of P2n+2, so it represents a B-diagonal. It is a
strict superset of s(Dj ), hence stellar subdivision on it was performed before stage j .
Therefore, it is not a simplex in ∆nj , and Lee’s Lemma applies.
2. The converse follows as in [19] for type A, from two properties satisfied by both
∆nn(n+1) and Γ Bn :
(i) each (n−2)-dimensional face (“subfacet”) is contained in exactly two facets, and
(ii) for any two facets F,F ′ there is a sequence of facets F = F0,F1, . . . ,Fp = F ′
such that for each 0 i < p the facets Fi and Fi+1 have a common subfacet.
The two properties are clear for ∆nn(n+1) (since it is the boundary complex of a
simplicial polytope) and can be directly checked for Γ Bn (we elaborate on this in
Section 4.1). ✷
3. Properties of the simplicial B-associahedronQBn
3.1. The f -vector and h-vector of QBn
We begin by establishing two recurrence relations for the f -vector of the type-B
simplicial associahedron (Lemmas 1 and 2), from which we obtain a formula for fi−1(QBn ).
Then we deduce the h-vector of QBn , obtaining that it satisfies the relation (8). Thus, QBn is
a simplicial polytope whose h-vector is given by the rank-sizes of the type-B noncrossing
partitions lattice NCBn .
Lemma 1. Let n  3 and 2  i  n. Then fi−1(QBn ), the number of centrally symmetric
dissections of a centrally symmetric convex (2n + 2)-gon, consisting of i pairwise
noncrossing B-diagonals, satisfies
fi−1
(
QBn
)= 2G(n− 1, i)+ 2G(n− 1, i − 1)+ fi−1(QBn−1)+ 2fi−2(QBn−1), (9)
where
G(a,b)=
a+2∑
m=3
b−1∑
r=0
fr−1
(
QBa+2−m
)
fb−r−2
(
QAm−2
)
. (10)
Proof. Let F be any dissection counted by fi−1(QBn ). We distinguish three cases,
illustrated in Fig. 4, according to the participation in F of the vertex 1 of the polygon.
(For ease of drawing, the polygon is represented as a circle.)
Case 1. F contains no B-diagonal incident to vertex 1. Then the B-diagonal d =
n+ 1 2, (n+ 1)2¯ is a barrier separating the vertices 1 and 1¯ from F . According to whether
d itself occurs in F , F consists of i or i − 1 B-diagonals in the 2n-gon B2n with vertices
2,3, . . . , n + 1, 2¯, 3¯, . . . , n+ 1. Thus this case contributes fi−1(QBn−1) + fi−2(QBn−1)
possibilities for F .
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Fig. 4. Illustration to the proof of Lemma 1.
Case 2-a. F contains at least one B-diagonal incident to vertex 1, and the second
endpoint of each such diagonal is in the range 3,4, . . . , n + 1. Let m be the maximum
such that 1m is in a B-diagonal of F . We distinguish two parts of F , determined by
d = n+ 1m,n+ 1m. One is a type-B dissection of the polygon B2(n+2−m) with vertices
m,m+ 1, . . . , n+ 1,m,m+ 1, . . . , n+ 1. Let r be its number of B-diagonals. The other is
a type-A dissection of the polygon Am with vertices 1,2, . . . ,m, whose reflection through
the center of the original polygon completes F . Depending on whether d belongs to F ,
this induced type-A dissection of Am has i − r or i − r − 1 diagonals. Therefore this case
yields G(n− 1, i)+G(n− 1, i − 1) possibilities for F .
Case 2-b. F contains at least one B-diagonal incident to vertex 1 whose second endpoint is
in the range 1¯, 2¯, . . . , n¯. Similarly to Case 2-a, letm be the maximum so that the B-diagonal
1m, 1¯m occurs in F . If m< n, we have again a B-diagonal, this time d =mn+ 1,mn+ 1,
which separates F into two parts: a type-B dissection (of the polygon B2m with vertices
1,2, . . . ,m, 1¯, 2¯, . . . ,m) and a type-A dissection (of the polygon An−m+2 with vertices
m,m+ 1, . . . , n+ 1, which also determines the dissection of An−m+2). This gives rise to
G(n−1, i)+G(n−1, i−1) possibilities forF . Whenm= n, the polygonAn−m+2 reduces
to a digon and does not allow the existence of the B-diagonal d . This gives fi−2(QBn−1)
additional possibilities for F from the polygon B2n.
The result now follows from summing up the contributions of the three cases. ✷
Lemma 2. For n 3 and 2 i  n we have
ifi−1
(
QBn
)= (n+ 1)
n+2∑
m=3
i−1∑
r=0
fr−1
(
QBn+2−m
)
fi−r−2
(
QAm−2
)
. (11)
Proof. The left-hand side counts the pairs (d,F ) of a vertex d and an (i− 1)-dimensional
face F of the simplicial B-associahedron QBn , such that d belongs to F . That is, the
pairs formed by every B-diagonal d of the polygon P2n+2 with every extension of it to
a dissection F having a total of i B-diagonals. Note that B-diagonals which differ by a
rotation are paired with the same number of dissections F . There are n+ 1 B-diagonals in
each orbit under rotations. Hence the factor of n+ 1 on the right-hand side, and we may
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focus on the B-diagonals of the (2n + 2)-gon which are of the form 1m, 1¯ m, for some
3m n+ 1 or m= 1¯. It follows from the discussion in the proof of Lemma 1 that the
number of pairs (d,F ) containing such a B-diagonal is equal to G(n, i). This completes
the proof. ✷
We are now ready to derive the f -vector of our B-associahedron.
Proposition 1. Let n 0. The f -vector of the type-B simplicial associahedronQBn is given
by
fi−1
(
QBn
)=
(
n
i
)(
n+ i
i
)
for 0 i  n. (12)
Proof. For n = 0,1,2 it is easy to verify directly that the f -vectors are (1), (1,2),
and (1,6,6), respectively, and that the formula holds as claimed. Also, for every n  3
we clearly have f−1(QBn ) = 1 (counting the empty face) and f0(QBn ) = 12 [(
(2n+2
2
) −
(2n + 2)) + (n + 1)] = (n1)(n+11 ) (the number of pairs of vertices in the (2n + 2)-gon,
minus the sides of the polygon, plus the number of diameters gives twice the number of
B-diagonals in the polygon). Now for n  3 and i  2 we use Eq. (11) to eliminate the
occurrences of the function G from the recurrence of Lemma 1, and to obtain a more
explicit recurrence relation:
fi−1
(
QBn
)= 2i + n
n
fi−1
(
QBn−1
)+ 2(n+ i − 1)
n
fi−2
(
QBn−1
)
. (13)
Induction and an elementary manipulation of binomial coefficients lead to the desired
expression for fi−1(QBn ). ✷
It is now easy to compute the h-vector of QBn .
Corollary 1. For each n 0, the type-B simplicial associahedron QBn has h-vector given
by
hi
(
QBn
)=
(
n
i
)2
for 0 i  n. (14)
Proof. Substituting the expressions (12) into the relation (1) between the f - and h-vector,
the claim of the corollary is equivalent to
(
n
i
)(
n+ i
i
)
=
i∑
j=0
(
n
j
)2(
n− j
n− i
)
(15)
for all n  i  0. This is an easy identity to verify (starting, for instance, with the
observation that the term in the sum can be rewritten as
(
n
j
)(
n
n−i
)(
i
j
)). ✷
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3.2. Lattice path description of the f - and h-vectors of QBn
Consider the family of lattice paths in the plane, starting at the origin, ending at (n,n),
not running above the line x = y , and consisting of steps (1,0), (0,1), and (1,1). We
will refer to these, respectively, as E(ast), N(orth), and D(iagonal) steps. Let LAn be the
subfamily of such paths in which, starting from the origin, the first step which is not E is
N. In [6] these are called Schröder paths and it is observed that, for each i,0 i  n− 1,
the number of Schröder paths in LAn which have exactly n− 1− i Diagonal steps is equal
to the entry fi−1(QAn ) of the f -vector of the simplicial A-associahedron. In particular, the
number of Schröder paths with no diagonal steps (“Catalan paths”) is equal to fn−2(QAn ),
the number of facets of QAn . Moreover, the number of Catalan paths having j + 1 corners
of the form EN is equal to the entry hj (QAn ) of the h-vector of the simplicial A-
associahedron.
Similar lattice path descriptions of the f - and h-vector are possible for the type-B
simplicial associahedron.
Proposition 2. Let LBn be the set of Delanoy paths which begin at the origin and end at
the point (n,n); that is, lattice paths in the plane whose steps are of the form E = (1,0),
N = (0,1), D = (1,1). Then the entries of the f - and h-vectors of the type-B simplicial
associahedron QBn can be computed as follows:
• fi−1(QBn )= the number of Delanoy paths in LBn having exactly n− i Diagonal steps,
and
• hi(QBn ) = the number of Delanoy paths in LBn having zero Diagonal steps and i
corners of the form EN .
Proof. Every path from LBn which has exactly n − i Diagonal steps, consists of a total
of n + i steps, among which i steps are E and i steps are N. Every permutation of this
multiset of steps gives a valid path. Obviously, there are
(
n+i
i,i,n−i
) = (n+i
i
)(
n
i
) = fi−1(QBn )
such permutations, and the first claim is proved. There are
(2n
n
)
paths in LBn with
zero Diagonal steps, in agreement with the number of facets of QBn . The coordinates
(x1, y1), . . . , (xi, yi) of the EN corner-points determine a path which has no D steps. Thus,
the number of such paths having i EN corners is equal to the number of selections of
1 x1 < x2 < · · ·< xi  n and 0 y1 < y2 < · · ·< yi  n− 1. This number is of course(
n
i
)2 = hi(QBn ). This is also the argument used in [25] to establish the fact that the number
of paths from (0,0) to (n,n) having only E, N steps and i corners of the form EN is equal
to the number of noncrossing partitions in NCBn having i blocks. ✷
3.3. Remarks on the facial structure of the B-associahedron QBn
It is apparent from the discussion in Section 3.1 that the link of each face F of QBn is
a join of the boundaries of a type-B and (in general, several) type-A simplicial associahedra
of lower dimension. These arise from the polygons into which P2n+2 is divided by the
B-diagonals corresponding to the vertices of F . If F , as a collection of B-diagonals of
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P2n+2, contains a diameter, then the type-B factor is trivial, QB0 . In particular, when F is
a vertex corresponding to a diameter in P2n+2, its link is a copy of ∂QAn . Overall, n+ 1
copies of a one-point suspension over ∂QAn are attached together to formQBn . Each replaces
a different facet of the simplex ∆n.
Concerning symmetry properties, the combinatorial type of QBn , like that of QAn , has
the symmetries of the dihedral group.
We close this section with a further parallel between QAn and QBn . It concerns an
alternative description of the h-vector, related to the shellability of ∂QBn , which for type A
appears in [19].
Consider a B-dissection of a centrally symmetric polygon P2n+2, whose vertices are
labeled as before, clockwise, 1,2, . . . , n + 1, 1¯, 2¯, . . . , n+ 1. Let R be a region of the
dissection, that is, a maximal polygon with vertices (say, vi1 , . . . , vit ) from among those
of P2n+2 which is not subdivided by any diagonal of the dissection. Then by the central
symmetry of the dissection, there is also a region R whose vertices are vi1 , . . . , vit . As in
the case of B-diagonals and of blocks in a type-B noncrossing partition, we have may have
R =R (a central region), or R =R (a pair of noncentral regions).
Given a region R with t  4 vertices, we wish to distinguish between minimal and non-
minimal B-diagonals which it admits. Let m be the minimum of the absolute values of
the vertices of R. First suppose that R = R and that R,R are vertex-disjoint. Without loss
of generality, we may further assume that m occurs as a vertex of R. Then the minimal
diagonals of R are those incident to m, and the minimal diagonals of R are the central
reflections of the former (thus, the diagonals of R which are incident to m). Next suppose
that R = R and that they share a diameter. If this diameter is not mm, then the minimal
diagonals are as in the preceding case. Otherwise, we may assume that the vertices of R
appear in clockwise direction from m to m. The minimal diagonals of R are those incident
to m and, again, the minimal diagonals of R are the central reflections of these (thus,
incident to m). Finally, if R is a central region, the diameter mm is a minimal diagonal.
The other minimal diagonals are those from the regions S, S into which R is divided by
mm.
A minimal B-diagonal of a B-triangulation of the polygon P2n+2 is then a B-diagonal
ij, i¯j (where i = j is allowed) such that ij and i¯j are minimal in the quadrilateral region(s)
obtained by removing them from the triangulation.
It is easy to see that every B-dissection of P2n+2 can be extended to a unique
B-triangulation by adding only minimal diagonals. This gives a map F → ϕ(F ) from the
faces of QBn to its facets. An example is shown in Fig. 5.
A result analogous to Theorem 4 in [19] holds for QBn .
Proposition 3. Let h = (h0, h1, . . . , hn) be the h-vector of the type-B simplicial associ-
ahedron QBn . Then hj equals the number of B-triangulations of P2n+2 having exactly j
minimal B-diagonals.
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Fig. 5. A B-dissection F and its extension by minimal diagonals to the B-triangulation ϕ(F).
Proof. Let mj(QBn ) be the number of facets of QBn which, as B-triangulations of P2n+2,
have exactly j minimal B-diagonals. Then we have the relation:
fi−1
(
QBn
)=
i∑
k=0
mn−k
(
QBn
)(n− k
n− i
)
. (16)
Indeed, count the (i − 1)-dimensional faces F of QBn according to their associated
B-triangulation ϕ(F ): such a facet ϕ(F ) has at least n− i minimal B-diagonals and the
face F is obtained from it by removing the appropriate n − i minimal B-diagonals. But
then (16) and (1), along with the symmetry of the h-vector, imply that hj (QBn )=mj(QBn )
for 0 j  n. ✷
It is a classical result in the theory of polytopes that the boundary of a polytope is
shellable (see, e.g., in [36] the presentation of the Bruggesser–Mani Theorem). Therefore,
both Γ An and Γ Bn are shellable simplicial complexes. For a simplicial complex, a shelling
gives rise to a partition of the faces into intervals (with respect to the containment order)
of the form [R(Φ),Φ], where Φ ranges of the facets of the complex and R(Φ) is the
restriction of Φ (for details the interested reader may consult [5] or earlier work on pure
shellability cited in its references). A consequence of the preceding discussion is that such
a partition of Γ Bn can be seen directly: the restriction of a facet Φ is the dissection of P2n+2
consisting of the B-diagonals in Φ which are not minimal. Notice that the B-diagonal 11¯
is minimal and that its link is isomorphic to Γ An . The intervals [R(Φ),Φ] for Φ ranging
over the facets of Γ Bn which contain the B-diagonal 11¯ correspond with the shellability
of Γ An . This observation for type A is implicit in [19] (where the counterpart of a minimal
diagonal is called a “red diagonal”).
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4. Properties of the dual B-associahedronQB∗n
4.1. The 1-skeleton of QB∗n as a graph
Let GAn be the graph whose vertices and edges are those of the type-A simple
associahedron QA∗n . This graph was considered in the literature independently of the
associahedron, in connection with theoretical computer science issues (see [32] and its
bibliography). In that setting, the vertices represent certain trees (of interest in data
structures) and two vertices are adjacent if the corresponding trees differ by a rotation (an
operation aimed at balancing the tree, for good performance of the tree as a data structure).
The focus of [32] is on obtaining a good upper bound on the diameter of the “rotation
graph:” diam(GAn ) 2n−6 for n 11. Briefly, this is obtained by replacing the trees with
triangulations of a polygon and then estimating the length of a shortest path between two
triangulations via the hyperbolic volume of an associated collection of tetrahedra.
An analogous graph, GBn , can be defined for type-B and a bound on its diameter
can be readily deduced using the result of [32]. The graph GBn has a vertex for each
B-triangulation of a centrally symmetric convex (2n+2)-gon. Two vertices are adjacent in
GBn iff the corresponding B-triangulations differ by exactly one B-diagonal. Alternatively,
every subfacet of the simplicial complex Γ Bn corresponds to an edge in the graph GBn , i.e.,
to a “B-diagonal flip” converting one B-triangulation into another. This is equivalent to
claim (i) concerning Γ Bn in the last part of the proof of Theorem 1. Claim (ii) made there
is equivalent to the fact that the graph GBn is connected (independently of the fact that it is
the 1-skeleton of a polytope). The next observation is a quantitative version of this claim.
Observation 1. For every n, the diameters of the graphs GBn and GAn are related by the
inequality
diam
(
GBn
)
 2diam
(
GAn
)+ 1. (17)
Based on [32], we obtain diam(GBn ) 4n− 11 for n 11.
Fig. 6. The simple B-associahedra QB∗1 ,QB∗2 ,QB∗3 .
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Proof. First note that the induced subgraph GBn (d), whose vertices are those B-triangu-
lations which contain a given diameter d , is isomorphic to GAn .
Now let v, v′ be two vertices in GBn and F = F(v),F ′ = F(v′) be the corresponding
B-triangulations of P2n+2. Let d, d ′ be the diameters of these two B-triangulations. If
d = d ′ then v, v′ lie in the subgraph GBn (d)GAn , so their distance is at most diam(GAn ).
If the two diameters are distinct, let q(d, d ′) be the (centrally symmetric) quadrilateral in
P2n+2 whose four vertices are those of d, d ′. Let t be any B-triangulation of P2n+2 which
contains the quadrilateral q(d, d ′) and d . Let t ′ be the B-triangulation obtained from t by
replacing d with d ′. Then t and t ′ are adjacent in GBn , while F and t belong to GBn (d),
and F ′ and t ′ belong to GBn (d ′). Thus, there is a v-v′ path passing through t and t ′ whose
length is at most diam(GAn )+ 1+ diam(GAn ). ✷
It is easy to check that the bound is tight for the first few small values of n.
We close this section with some comments concerning acyclic orientations of the
graph GBn . By way of motivation, the graph GAn obtained from the 1-skeleton of the
type-A simple associahedron admits an acyclic orientation which gives a lattice, called
the Tamari lattice. Its topological properties and generalizations have received attention in
[5,10], which also contain references to earlier studies of this lattice.
For type-B, we have considered two particular acyclic orientations of the 1-skeleton of
QB∗n . One is defined as follows: if two B-triangulations t, t ′ of P2n+2 are adjacent in GBn ,
let D,D′ be the B-diagonals such that D appears only in t , while D′ appears only in t ′;
set t < t ′ if D is minimal (in the sense of Section 3.3). This orientation of the edges
makes GBn into the Hasse diagram of a poset. Indeed, as in the type-A case, assign to
each B-diagonal a weight equal to the minimum of the absolute values of its endpoints,
and assign to a triangulation a weight equal to the sum of the weights of its B-diagonals;
then t < t ′ implies, by definition, that the weight increases in going from t to t ′, so there
are no directed cycles. In the second orientation, t < t ′ if the sum of the absolute values
of the endpoints of a component of D is less than that of a component of D′. It can be
checked that this orientation is also acyclic. Neither of the resulting posets is a lattice; the
latter one exhibits interesting symmetry and topological properties explored in [27].
4.2. Relations with the type-B permutahedron
The permutahedron PAn−1 is a convex polytope whose vertices correspond to the n!
permutations of an n-element set. It can be realized as the convex hull of the points
in Rn with coordinates (σ (1), σ (2), . . . , σ (n)), for σ ∈ Sn. It is an (n − 1)-dimensional
simple polytope whose 1-skeleton produces a graph isomorphic to the Cayley graph of
the symmetric group Sn with the adjacent transpositions as the generating set. It admits
an acyclic orientation which gives the (right) weak Bruhat order, WSn , on the symmetric
group Sn. In [5] it is shown that there exists a surjection ϕA from WSn to the Tamari lattice,
such that the preimage (ϕA)−1(t) of each element t ∈ T An is an interval [αt , βt ] ⊂WSn
determined by permutations characterized by pattern-avoidance conditions: αt belongs to
Sn(312) and βt belongs to Sn(132). Here, Sn(ρ) denotes the subset of Sn formed by the
ρ-avoiding permutations, i.e., if ρ ∈ S3, then σ ∈ Sn avoids the pattern ρ iff there is no 3-
tuple 1 i1 < i2 < · · ·< i3  n such that (σ (ij )− σ(ik))(ρ(j)− ρ(k)) > 0 for every j, k.
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If 3 = 3, it turns out [17] that #Sn(ρ) = Cn, the nth Catalan number, independently
of the choice of ρ ∈ S3. As an illustration of the map ϕA, if n = 3, the diagram of
WS3 (a hexagon) maps to that of T A3 (a pentagon); the one non-singleton preimage of
an element is the interval [132,312] = {132,312}. We note that pattern-avoidance has
received attention in the context of enumerative and algorithmic combinatorics, and has
arisen in connection with problems of interest in geometry (a number of references are
given in [29]). Most closely related to the present discussion are the enumerative aspects
of pattern-avoidance in the hyperoctahedral group appearing in [31].
For type-B, consider the hyperoctahedral groupBn—the Weyl group for the root system
of type B—with generators given by the reflections in the hyperplanes xi = xi+1 for
1 i  n− 1 and xn = 0. That is, the generating set consists of the adjacent transpositions
(acting on positions) and the sign change in the last coordinate. The associated Cayley
graph can be oriented to obtain the Hasse diagram of the (right) weak Bruhat order on Bn.
An element σ ∈ Bn can be represented as a “signed permutation” of 1,2, . . . , n,
which we write as a word σ(1)σ (2) · · ·σ(n) in which every symbol 1,2, . . . , n appears,
possibly barred (as in previous contexts, barring corresponds to a sign-change and is an
involution). Thus, Bn has n!2n elements. We use the notation |x| for the absolute value
of the symbol x—that is, x itself if it is not barred, and x with the bar removed if x is
barred. If ρ ∈ B3, we say that σ ∈ Bn avoids the signed pattern ρ if there is no 3-tuple
1 i1 < i2 < · · ·< i3  n such that:
(1) (|σ(ij )| − |σ(ik)|)(|ρ(j)| − |ρ(k)|) > 0 for every choice of j, k ∈ [1, 3], and
(2) for each j ∈ [1, 3], the symbol σ(ij ) is barred if and only if ρ(j) is barred.
For instance, σ = 24¯153¯ avoids the pattern ρ = 1¯ 2¯, but it contains (several occurrences
of) the pattern 12¯. We let Bn(ρ) be the set of elements in the hyperoctahedral group Bn
which avoid the pattern ρ. Similarly, Bn(ρ,ρ′) denotes the subset of Bn consisting of the
elements which avoid simultaneously the patterns ρ and ρ′.
Lemma 3. For every α ∈ Bn(1¯2, 2¯1) there exists β ∈ Bn(12¯,21¯), such that the intervals
of the form [α,β] constitute a partition P(Bn) of the weak Bruhat order WBn on the
hyperoctahedral group Bn.
Proof. Given σ ∈ Bn, let σu and σb be the subwords formed, respectively, by the unbarred
and by the barred symbols in σ . For example, if σ = 24¯153¯ ∈ B5, then σu = 215 and
σb = 4¯3¯. Each σ ∈ Bn is a shuffle of σu and σb . An element α ∈ Bn avoids both patterns
1¯2 and 2¯1 if and only if it is equal to the concatenation of its unbarred and barred
subwords, α = αuαb . Given such an α, let β:= αbαu. Then β ∈ Bn(12¯,21¯) (indeed, this
pattern-avoiding subclass of Bn consists precisely of the signed permutations which are the
concatenation of their barred and unbarred subwords). For α and β thus related, we have
α < β in the weak Bruhat order on Bn. Finally, if σ ∈ Bn, let ασ := σuσb ∈ Bn(12, 2¯1)
and βσ := σbσu ∈ Bn(12¯,21¯), and we have the inequalities ασ  σ  βσ . ✷
Observation 2. Each class of the partition P(Bn) of Bn constructed in Lemma 3 is an
interval of WBn isomorphic to an ideal of Young’s lattice. Namely, if αu = βu has k
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elements, then [α,β]  [0ˆ, kn−k], where kn−k denoted the (integer) partition with n − k
parts, each equal to k.
Proof. Each element σ of the interval [α,β] is characterized by the positions occupied by
its unbarred symbols. These are k distinct values in the range 1 through n. Equivalently,
σ is determined by k values, not necessarily distinct, in the range 0 through n−k. In weakly
decreasing order, these form a partition λ(σ) in the interval [0ˆ, kn−k] of Young’s lattice.
It is easy to see that the correspondence σ → λ(σ) gives an order-preserving bijection
[α,β]→ [0ˆ, kn−k]. ✷
Note also, as an easy consistency check, that
∑n
k=0 [
(
n
k
)
k!(n− k)!](n
k
) = n!2n, that is,
the sum of the cardinalities of the intervals [α,β] is indeed the cardinality of Bn.
Observation 3. For each n, we have
#Bn(1¯2, 2¯1)= #Bn(12¯,21¯)= (n+ 1)!. (18)
This is easy to see from the structure of the signed permutations which avoid these pairs
of patterns. (Further enumerative results about signed permutations which avoid length-2
patterns appear in [31].)
The next result shows that (18) is the numerical manifestation of an order-theoretic
property. We may define an equivalence relation on the set Bn of signed permutations by
setting σ ∼ σ ′ iff σ and σ ′ belong to the same interval in the partition PBn defined earlier.
Proposition 4. With the above notation, the quotient poset WBn/∼ is isomorphic to the
weak Bruhat order WSn+1 on the symmetric group Sn+1 .
Proof. The map σ → σ := σbσu is a closure. It is obvious that σ = σ and that σ  σ .
The fact that it is order-preserving can be seen by considering the three types of covering
relations σ ·<ρ in WBn:
(i) if ρ is obtained from σ by interchanging a barred and an unbarred symbol, then σ = ρ;
(ii) if ρ is obtained from σ by interchanging two symbols both of which are either barred
or not barred, then clearly σ ·<ρ;
(iii) if the last symbol σ(n) of σ is not barred and ρ is obtained from σ by barring σ(n),
then it is easy to see that σ < ρ (in general not a covering relation).
Thus, the elements of WBn having the same closure form an equivalence class of ∼.
Consider the map ψ :WBn → WSn+1 defined as follows: σ ∈ Bn is mapped to the
permutation of {1,2, . . . , n, n + 1} obtained by concatenating σu with the symbol n + 1
followed by the reversal of σb with its bars removed. For example, 613¯45¯2¯ ∈B6 is mapped
to 6147253 ∈ S7. Clearly this is a bijection between the ∼ classes and Sn+1. An analysis
of the image of covering relations case by case as above completes the proof of the claim
of isomorphism. ✷
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Fig. 7. Illustration of a set-map from Bn to the vertices of QB∗n .
It is known from work of Björner (e.g., [4, Theorem 6]) that the order complex of
WBn and of WSn+1 are homotopically equivalent to an (n− 2)-dimensional sphere. Our
preceding result can be viewed as a direct proof of this fact, via a combinatorially defined
map which (using Quillen’s fibre lemma, for instance) induces the homotopy equivalence
of the two order complexes.
We close with a set-map between the elements of WBn and the vertices of QB∗n . It
would be interesting to obtain an explicit map which behaves well with respect to the facial
structure of the B-permutahedron and B-associahedron (as exists for type A, see [35]).
Proposition 5. There is a surjective map from the signed permutations in Bn to the
B-triangulations of a centrally symmetric convex (2n+ 2)-gon.
Proof. The desired map will be described as the composition of several maps. An example
is shown in Fig. 7.
Let σ ∈ Bn. First map σ to its closure σ as earlier. Next, there is a surjection from
the restricted signed permutations Bn(12¯,21¯) to the set of plane complete binary trees
which are planted (i.e., rooted and the root has degree 1), in which there are n internal
vertices (i.e., of degree 3), and n + 1 leaves (degree-1 vertices other than the root), one
leaf being distinguished (circled in the figure). Indeed, the child of the root corresponds
to the maximum (absolute) value in the permutation, and the left and right children are
built recursively from the words preceding and following the maximum absolute value
in the permutation. The distinguished leaf is the ith one left to right if there are i − 1
barred symbols in σ . Finally, let the distinguished leaf correspond to the edge n+ 1 of the
polygon P2n+2, and let the leaves to the left (right, respectively) of it in the tree correspond
20 R. Simion / Advances in Applied Mathematics 30 (2003) 2–25
to contiguous polygon edges counterclockwise (clockwise, respectively) from the edge
n + 1. The tree determines a triangulation of half the polygon. The edge incident to the
root of the tree corresponds to a diameter in P2n+2. Now simply use central symmetry to
complete a B-triangulation of P2n+2. This is the image of σ . Clearly, the correspondence
is surjective. ✷
4.3. A space tessellated by QB∗n
(The space discussed in this section is motivated by analogy to the results of Devadoss
[8] and Kapranov [15] on a certain compactification of the configuration space for n
distinct points on a circle. It is also very closely related to the subject of Devadoss’
recent paper [9], and in fact provided one of the main motivations for that work; see [9,
Introduction and Section 5]. V.R.)
Let again P2n+2 be a centrally symmetric convex polygon. It will be convenient
to assume that it is a regular convex polygon. Consider the labelings of its edges
with the symbols 1,2, . . . , n + 1, 1¯, 2¯, . . . , n+ 1, satisfying the condition that antipodal
edges are given labels of the form i, i¯ . Up to rotations, there are 2nn! such labelings,
which can be identified with the elements of the hyperoctahedral group Bn: reading the
labels of the edges between n + 1 and n+ 1 clockwise gives, in succession, the values
σ(1), σ (2), . . . , σ (n) of a well-defined signed permutations σ ∈ Bn.
Extending to type B the definition of a twist appearing in [8], the twist of a B-dissection
around a B-diagonal is the following operation: if d is a B-diagonal of a dissection F
of P2n+2, with an edge-labeling as above, then two polygons (with disjoint interiors) are
determined by the components of d and the boundary of P2n+2, which do not contain the
center of P2n+2 in their interiors; reflect these two polygons (along with their dissections
induced from F and the edge-labeling induced from P2n+2) in the axis perpendicular to
the B-diagonal d (it is here that it is convenient to assume that P2n+2 is regular). The result
is a B-dissection of P2n+2, whose edges are also labeled by a signed permutation. Fig. 8
shows an example. Note that if two B-diagonals are noncrossing, then the twists around
them commute.
Fig. 8. Twist around the heavy-line B-diagonal.
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Fig. 9. The spaces XB1 and X
B
2 tessellated by simple B-associahedra.
Let P2n+2(σ ) denote the polygon with the edge-labeling corresponding to σ ∈ Bn. Its
B-dissections give rise to a copy of the simplicial B-associahedron, whose dual we denote
by QB∗n (σ ). Let XBn be the space obtained from the union of the 2nn! copies, QB∗n (σ ),
σ ∈ Bn, of the simple B-associahedron, in which two faces are identified if one can be
obtained from the other by a sequence of twists. Fig. 9 illustrates the cases n= 1,2. The
drawing of XB2 is on a torus, with some but not all boundary identifications indicated
by arrows. Between the QB∗n (σ ) are occurrences of “empty regions” whose boundaries
have antipodal identifications not indicated in the figure. In general, there are 2n such
occurrences, corresponding to the set of symbols which are barred in σ ∈ Bn. Indeed,
these arise from the identification of pairs of faces corresponding to a diameter of P2n+2
(such faces are copies of the type-A associahedron QA∗n , and each copy of QB∗n has (n+1)
such facets), and which differ by the twist around the diameter (that is, from two copies
of QB∗ corresponding to signed permutations which are the reversal of each other). For
a fixed set of barred symbols, we have n! such pairs of copies of QA∗n which, after the
identifications in pairs, form a copy of the moduli spaceMn0(R) tessellated by the simple
type-A associahedron QA∗n as in [8]. Before the identifications in pairs, that is, if twists
around diameters were not allowed, we have 2n copies of the double cover of Mn0(R)
appearing in [15].
In XBn , each (n− 1)-dimensional face lies in precisely two copies of QB∗n (such a face
corresponds to a B-diagonal in an edge-labeled copy of P2n+2, around which a twist can be
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performed). In general, an (n− k)-dimensional face corresponds to a B-dissection using k
B-diagonals, and lies in 2k copies of QB∗n , one for each subset of its B-diagonals on which
twists can be performed. The total number of (n − k)-dimensional faces in the disjoint
union of the 2nn! copies of QB∗n is clearly 2nn!fn−k(QB∗n ). Thus, the number of (n− k)-
dimensional faces of XBn is
fn−k
(
XBn
)= 2n−kn!fn−k(QB∗n ). (19)
Proposition 6. The Euler characteristic of the space XBn tessellated by the simple
B-associahedron QB∗n is zero if n is odd and
χ
(
XB2m
)= (−1)m22m((2m− 1)!!)2 if n is even, n= 2m. (20)
Proof. We can write the Euler characteristic in terms of (19). Use the relation between
the f -vectors of dual polytopes, and our expression for the f -vector of the simplicial
B-associahedron. For n odd, it becomes obvious that the Euler characteristic is zero.
For n even, after a manipulation of binomial coefficients, we obtain that the Euler
characteristic is (2m)!∑2ms=0 (2ms )(−1)s( 2m2m−s), that is, (2m)! times the coefficient of x2m
in (1− x)2m(1+ x)2m and the result follows. ✷
5. Concluding remarks
1. The simplicity of the expression (12) for the f -vector of the B-associahedron invites
the question of finding a direct combinatorial proof for the enumeration of the
faces according to their dimension. It would be interesting to find an encoding of
the centrally symmetric dissections of a (2n + 2)-gon which leads elegantly to the
expression fi−1(QBn )=
(
n
i
)(
n+i
i
)
.
2. The formulae (2) and (12) imply the relation ifi−1(QBn ) = n(n + 1)fi−2(QAn ). The
factor of (n+ 1) is explained by the action of the rotation group on the dissections, as
noted in the proof of Lemma 2. A direct combinatorial proof of this relation would be
an answer to the preceding question.
3. A celebrated result in the theory of polytopes is the characterization of h-vectors of
simplicial polytopes (see, e.g., the account in [14,36]). The construction of QBn shows
that the sequence
((
n
i
)2)n
i=0 is indeed the h-vector of a simplicial polytope. Can one
show that this sequence verifies the necessary and sufficient numerical conditions of
the g-theorem?
4. A related more general question is the following: under what conditions do two
simplicial polytopes P,R of dimension d have the property that the pointwise product
of their h-vectors, (hi(P )hi(R))di=0 is again the h-vector of a simplicial polytope, and
how might one construct this polytope. If P,R are both hyperoctahedra, then question
is answered by the B-associahedron. Further comments regarding this question appear
in [29].
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5. We note a byproduct of the computation of the f -vector of QBn done in Section 3.1.
After substituting in Eq. (11) the formulae for the f -vectors of the type-A and type-B
associahedra, one obtains the binomial identity
j
k + 1
(
n
j
)(
n+ j
j
)
=
k∑
s=1
1
s + 1
j−1∑
r=0
(
k − s
r
)(
k + r − s
r
)(
s − 1
j − r − 1
)(
s + j − r
s
)
. (21)
6. We have not explored further the relation (17) between the diameters of the graphs GBn
and GAn whose vertices are type-B and type-A triangulations. It may be interesting to
know if in fact equality holds always.
7. While it is not a lattice, the poset T Bn defined in Section 4.1 may be interesting
to explore further, in connection with its interval structure, Möbius function, and
shellability properties. It also leaves the question of whether there exists an order
relation on the B-triangulations of a polygon P2n+2 that gives a lattice structure
whose Hasse diagram is an acyclic orientation of the 1-skeleton of the simple
B-associahedron QB∗n .
8. It came to our attention while this paper was being drafted, that the simple
B-associahedron QB∗n appears in operad theory [20]. It is called the cyclohedron and
the questions treated there have a different direction from the combinatorial aspects
presented here. The equivalence of the independent constructions here and in [20] can
be made explicit [21].
(Simion had also wondered (personal communication) about the possibility that
the simple B-associahedron QB∗n was a fiber polytope [2], as is the case for the
simple A-associahedron QA∗n . This is close to the truth, as QB∗n turns out to be
the first interesting example of a slightly more general object: the equivariant
fiber polytope associated to the canonical surjection of a (2n + 1)-simplex onto
a centrally symmetric (2n+ 2)-gon. This surjection is equivariant for the antipodal
Z/2Z-action on the (2n + 2)-gon, and the Z/2Z-action on the (2n + 1)-simplex
which swaps the pairs of vertices that map to antipodes in the (2n + 2)-gon.
See [37]. For a further natural construction of the type B associahedron, see [38].
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